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1. Introduction

Heterogeneity in individual behavior is a common source of variation in microecono-
metric applications. Thus, in recent years it became increasingly popular to explicitly
model unobserved heterogeneity, for instance, by introducing random coefficients. Yet
identification in random coefficient models requires functional form restrictions. This
paper shows that one can be much more flexible with respect to observed character-
istics which can essentially influence the shape of the density of random coefficients.
Specifically we extend the ordinary random coefficient model to allow for nonlineari-
ties in observed heterogeneity, captured by varying coefficients.
The varying random coefficient (VRC) model is given by

Y = By + B|X, (1.1)

where Y is a scalar dependent variable and X is a vector of covariates of dimension
d — 1. The VRC vector B = (By, B])' satisfies

BQ = go(W) + AO and Bl,l = gl(W) + Al,l where 1 S { S d—1 (12)
for some covariates W and unobservables A = (A, A11,...,A14-1). The varying
coefficient functions go(+),...,ga—1(-) are unknown and capture nonlinearities in ob-

served heterogeneity. The vectors X and W may have elements in common but, to
ensure identification of the varying coefficient functions in general, we rule out that
X is a subvector of W. In this model, the varying random slope (VRS) given by B
represents observed and unobserved heterogeneity in the dependence of Y on X. The
VRC is thus more general than the ordinary random coefficient (RC) model where
all varying coefficient functions vanish and hence, B = A. Identification of the VRC
model is based on full independence of A and X but only conditional mean indepen-
dence of A and (X, W). While identification of the model requires X to have enough
variation, our setup permits W to be discrete.

This paper is concerned with inference on the density of the VRC vector B holding
observed characteristics W fixed. This density contains all the information of the
underlying heterogeneity in the model and many functionals of it are of interest, e.g.,
the distribution of potential outcomes. A density estimator based on weighted sieve
minimum distance is proposed that builds on a conditional characteristic function
equation of the model. The estimation criterion is minimized over a finite dimensional
sieve space which is also convenient to impose shape restrictions on the estimator.
The estimator is of closed form if no constraints are imposed on the sieve space and
then coincides with a double series least squares estimator. An initial weighting step
is used in the estimation criterion to stabilize the procedure. This is important,
as it is well known that estimation of the joint RC density in ordinary RC models
leads to an ill-posed inverse problem. One insight of this paper is that our procedure
allows us to separate estimation of the VRS density from estimation of the varying
random intercept By. In particular, we show that estimation of the VRS density does
not suffer from the ill-posed estimation problem once we impose finite dimensional
restrictions on the density of By.

For the sieve minimum distance estimator, inference results are established that
go beyond what has been obtained in ordinary RC models. The rate of convergence of
the estimator is derived, which coincides with the usual ill-posed rate of convergence



when estimating the joint VRC density and corresponds to the usual well-posed,
nonparametric rate when only the density of VRS is of interest and semiparametric
restrictions on the random intercept are imposed. Many important objects of interest,
such as the distribution of the potential outcome, are functionals of the density of B.
For a plug-in estimator of such linear functionals we establish pointwise asymptotic
normality. This paper also provides a bootstrap procedure to construct uniform
confidence bands of the estimator. The inference results in this paper make explicit
how the marginal distribution of X affects the asymptotic behavior of the estimator.

Identification of the model requires a large support condition of X in general. Yet
under mild assumptions, identification can be also achieved under bounded support
via extrapolation. This motivates the use of global basis functions for the sieve
minimum distance estimator, such as the Hermite functions. When the sieve space
is spanned by Hermite functions, we see that the estimator considerably simplifies
as these basis functions form eigenfunctions of the Fourier transform. The estimator
performs well in finite samples even when covariates X are far from being heavy tailed.
This is demonstrated in Monte Carlo simulations that also clarify how the variance
of X affects the mean integrated squared error of the estimator in finite samples.

The estimation procedure is also applied to analyze heterogeneity in income elas-
ticity of housing demand using German survey data. In our specification, estimated
observed housing characteristics exhibit a nonlinear shape. The estimated density of
heterogeneous income elasticity is unimodal with mode close to zero and positively
skewed. Uniform confidence bands allow to make significant statements about the
shape of the estimated density. The empirical application demonstrates that our
proposed methodology can be useful to analyze complex heterogeneity using cross
sectional data.

Nonparametric identification and estimation of ordinary RC models is considered
by Beran and Hall [1992], Beran et al. [1996], and Hoderlein et al. [2010]. For testing
of qualitative features of the ordinary RC models see Dunker et al. [2019]. Lewbel and
Pendakur [2017] generalize these models to allow for nonlinear index functions and in
the next section we will provide a more detailed comparison of it to the VRC model.
The ordinary RC models can be extended to conditional random coefficient models
that assume model equation (1.1) together with the condition that X is independent
of B conditional on W. This model is more flexible than (1.1-1.2), but requires
that the conditional density of X given W satisfies a large support condition for
all realizations of WW. Beyond this more restrictive support restriction, estimation
in conditional RC models also suffers from the curse of dimensionality of W. This
is why functional form restrictions are typically employed rather than considering
the more general conditional RC models, see for instance, Lewbel and Pendakur
[2017, p. 1120]. Recently, correlated random coefficient models were studied in the
literature which allow for full dependence of random coefficients and covariates X.
In this setting, instruments are available that drive the covariates X but not the
random coefficients in (1.1). These types of models are analyzed by Masten [2018]
and Hoderlein et al. [2017]. While such a model is clearly more general than the VRC
model, identification of the CRC models can be challenging with more restrictive
exclusion assumptions and large support conditions on the instruments.

The methodology of sieve estimation became increasingly popular in recent years.
For sieve estimation of conditional moment restrictions models see Newey and Powell
[2003] and Ai and Chen [2003]. The VRC model does not fall into this category. For



sieve estimation of ordinary RC models with discrete outcome see Fox et al. [2011]
and Fox et al. [2016]. In binary choice models, Gautier and Le Pennec [2018] proposed
an estimator based on needlet thresholding. In the context of specification testing, a
sieve approach was used by Breunig and Hoderlein [2018]. In the literature on varying
coefficients, series estimators were analyzed by Xia and Li [1999], Fan et al. [2003],
Xue and Wang [2012], or Ma and Song [2015].

The remainder of the paper is organized as follows. Section 2 provides the setup,
motivating examples, and sufficient conditions for nonparametric identification. In
Section 3, the estimation procedure based on sieve minimum distance is introduced
and its asymptotic properties are established. Section 4 is concerned with the fi-
nite sample properties of the estimator analyzed via Monte Carlo simulation and an
empirical illustration. Section 5 concludes. All proofs can be found in the appendix.

2. The Model and Identification

This section consists of two subsections. Subsection 2.1 recalls the varying random
coefficients (VRC) model, outlines its key properties, and provides motivating exam-
ples for it. Subsection 2.2 provides an identification result of the joint density of the
VRC vector B.

2.1. The Varying Random Coefficient Model
Consider again equations (1.1-1.2), the VRC model is given by

Y = By + B.X, .
By=g0(W)+ Ay and By;=¢g(W)+ A;; wherel <1 <d-1. (1.2)

As stated above X and W may have elements in common. Yet without further
functional form restrictions on the varying coefficient functions gg, ..., gs_1 we need
to rule out that X has only elements that are contained in W (see also Assumption
1 and the discussion thereafter). The covariates X are assumed to be independent
of A and the vector of covariates (X', W’)" is restricted to be mean independent of
A, ie., E[A|X, W] = 0 (see Assumption 1 below). All the results in this paper will
hold if there were no varying coefficients, i.e., model (1.1-1.2) is the ordinary RC
model. While identification of the model requires X to have enough variation, our
setup permits W to be discrete.

Under conditional mean independence of A and (X, W), model (1.1-1.2) implies
the varying coefficient model

EY[X, W] = o) + 3 0i(W)X; = g(S). (2.1)

=1

using the notation S = (X’,W’)". In the conditional mean restriction (2.1), the
varying coefficient functions g; are identified through a rank condition, see also be-
low. For an overview article of varying coefficient models see Park et al. [2015]. We
emphasize that the varying coefficients specification in (2.1) also derives from the
additive separability of the random coefficients A in equation (1.2). Without impos-
ing such an additively separable structure, our model is in general not identified, see



Masten [2018, Corollary 2]. On the other hand, under further assumptions, Lew-
bel and Pendakur [2017] establish identification when equation (1.1) is replaced by
Y = By+ 27:_11 Gy(By,X;) for unknown functions G; and A is independent of (X, W)
(it is thus non-nested to our VRC model). While the sieve minimum distance ap-
proach in this paper allows for estimation of additional nonlinear index functions, we
do not consider this extension.

Identification of the varying coefficient functions gy, ..., 941 in the VRC model
(1.1-1.2) can be obtained in the following two scenarios: First, under a full rank
condition on E[X X'|W = w] or, second, if gy = -+ = g4-1 = 0. In the first case,
the VRC model has the interpretation similar to a conditional random coefficient
model but, instead of leaving the distribution of X and W unrestricted, it imposes
more structure on it. Also similarly to conditional random coefficient models, the
role of W is to ensure that independence between A and X is more plausible. The
variables W can also serve as control function residuals, which then allows X to be
endogenous, i.e., A is unconditionally correlated with X.! In the second case, only
go differs from the zero function and thus the VRC model has the interpretation of a
nonlinear model in X, when X = W, but with random coefficients only on the linear
term.

This paper is concerned with estimation of the VRC density holding the observed
characteristics fixed at some potential realization w, i.e., the density fg(:,w) of

BY = g(w) + A

where g(-) = (go(+),...,9a—1(-)) denotes the vector of varying coefficient functions.
In the case where X and W have no common elements, B captures heterogeneous
marginal effects. If X and W have joint elements then, to obtain marginal effects,
replace g(w) with the vector of partial derivatives of g(w) w.r.t. z. The results in
this paper are still valid in this case but it is not made explicit in order to keep the
notation simple. By holding observed characteristics W fixed, the density fg(-,w)
contains all information on unobserved heterogeneity. Many objects of interest, such
as the density of potential outcomes of Y, are linear functionals of fz(-, w).

Economic theory and empirical findings suggest nonlinearities in many applica-
tions of interest. For instance, through a nonparametric analysis of Engel curves
to analyze nonlinearities in total expenditure, Banks et al. [1997] suggest quadratic
terms in the logarithm of total expenditure. While a random coefficient version of
their nonlinear model is not identified one might still account for unobserved hetero-
geneity by allowing only the coefficient for the linear term to vary among individuals.
The following two examples provide a relation of VRC to measurement error mod-
els and show that ignoring nonlinearities in the varying coefficients may have severe
consequences in a standard Monte Carlo exercise setting.

Example 2.1 (Measurement Error Models). Consider a regression model with inter-
action term and measurement error in one covariate:

Y =By + 51X1 + B Xa X5 + B3 X5 + U, (2.2)

Following Imbens and Newey [2009] assume that endogenous regressors X are related to observed
instruments Z via X = (Z, W) where ¢ is strictly monotonic in scalar W and Z 1 (B, W).
The model implies independence of X and A conditional on W = Fx|z(X|Z).



where the variable X3 is observed only with measurement error, i.e., Xo = X5 + V.
The deterministic parameters 5, 1 < | < 3, are unknown, and (U, V) are unob-
servables with zero mean. Assume that an additional variable W, the instrumental
variable, is available which satisfies X5 = m(W)+ A where W is conditional mean in-
dependent of A and V' (see, for instance, Hausman et al. [1991], Schennach [2007], or
Ben-Moshe et al. [2017]). The conditional mean restriction identifies the parameters
Bos - - ., B3 since the function m(W) = E[Xy|W]| is identified. Using the instrumental
variables approach we can rewrite the model (2.2) as

Y = By + Bsm(W) + B A+ U +( 1 + Bam(W) + B A ) X,
_— Y =

go(W) Ao g1 (W) A
and thus, is a special case of the VRC model (1.1-1.2).

Example 2.2 (Monte Carlo Simulation under misspecification). This finite sample
example shows that falsely assuming linearity of varying coefficient functions may
lead to severe biases that go beyond typical approximation errors. Here, draws of re-
gressors (X, W) are generated from the bivariate standard normal distribution. Let
Y = Ao+ B1 X where By = 2W? + Ay and random coefficients (Ag, A1) are generated
independently of (X, W) as follows: A; is drawn from a mizture of normal distri-
butions, i.e., N (—=1.5,2) and N (1.5,1) with weights 0.5, and independently from
Ag ~ N(0,1).
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Figure 1: Solid lines: true density fp, (-, w) with w = 0. Dotted lines: median and pointwise
95% confidence intervals. Left: Using OLS estimator of g;. Right: Using B-
splines estimator of g;. Sample Size: n = 1000. Monte Carlo iterations: 1000.

We implement our estimator using Hermite functions, as described in the Monte
Carlo section, but estimate the function g,(w) = 2w?* once via ordinary least squares
(OLS) and once via quadratic B-splines with three interior knots. Figure 1 shows on
the left the resulting estimator when g, is estimated via OLS and on the right when
g1 18 estimated via B-splines. From Figure 1 we see that ignoring the nonlinearity in
g1 can imply additional nonlinearities in the resulting estimator of the density of B.



2.2. ldentification

This section provides assumptions under which the density fp(-, w) of B" is identified
for any value w in the support of W. We now impose restrictions on the observed
and unobserved variables of our model.

Assumption 1. (i) X is independent of A. (ii) (X', W') is mean independent of
A, ie., E[AIX, W] = 0. (iir) g(-) = (go(*),---,9a-1(+))" is identified through the

conditional moment equation (2.1).

An independence assumption similar to Assumption 1 is common in the literature
on RC models with cross-sectional data (see, for instance, Beran [1993], Beran et al.
[1996], Hoderlein et al. [2010]). It should be also emphasized that the independence
assumption can often be justified in our model if the information in W about hetero-
geneity is rich enough and in this sense is milder than in the ordinary RC model where
g = 0. Clearly, if W contains only elements in X and E[A] = 0 then Assumption 1
(ii) is implied by (i).

Assumption 1 (iii) is automatically satisfied if gy = 0 for all 1 < | < d — 1.
Otherwise, Assumption 1 (iii) is satisfied if for all w in the support of W, the smallest
eigenvalue of E[XX'|W = w] is bounded away from zero. This rank condition is
commonly imposed in the varying coefficient literature. In particular, it rules out that
the vector of regressors X has only values that are also contained in the vector W. It
is also possible to relax the rank condition by imposing functional form restrictions on
g, see Fan et al. [2003]. Throughout the paper, the conditional characteristic function
of Y — g(S) given X is denoted by h(z,t;g) = E [exp (it(Y — g(9)))|X = z].

Assumption 2. (i) X has full support R4 (ii) [oay [5 [t|% (2, t; g)|dt do < oo.

While large support conditions are often required in econometrics to ensure iden-
tification, Assumption 2 (i) can be relaxed. If the distribution of A has finite abso-
lute moments and is uniquely determined by its moments, then identification with
bounded support of X can be achieved by extrapolation, see Masten [2018] and
Hoderlein et al. [2017]. Assumption 2 (ii) imposes a mild regularity assumption on
the conditional characteristic function h.

The next result establishes identification of the VRC density. We make use of
identification of the varying coefficients through the conditional mean restriction (2.1).
Consequently, by employing the relation fg(b,w) = fa(b— g(w)) the following result
is due to Fourier inversion.

Lemma 2.1. Let Assumptions 1-2 be satisfied. Then, for all w in the support of W,
the density of BY satisfies

Fulb,w) :@/}Rdl/ﬂ%mdl exp (— it(1,2')(b — g(w)))h(z, t: g)dt do.

Lemma 2.1 shows that the density fg(-,w) can be written as a transform of vary-
ing coefficient functions. Besides the shift of the conditional characteristic function
Elexp(itY)|X = z] to h(x,t; g) there is also a location shift by g(w). This corresponds
to shifts in frequency and time domain for the Fourier transform.



3. Estimation and Inference

This section presents an estimator of the VRC density based on sieve minimum
distance and establishes its asymptotic properties. Subsection 3.1 introduces the
weighted sieve minimum distance estimator and motivates the use of Hermite func-
tions as sieve basis. In Subsection 3.2, the rate of convergence of the estimator of fp
is derived. Subsection 3.3 establishes the pointwise asymptotic distribution of linear
functionals of fp, where the density of potential outcome is one particular exam-
ple of interest. Subsection 3.4 presents a Bootstrap procedure to construct uniform
confidence bands.

3.1. The Sieve Minimum Distance Estimator

Estimation builds on the conditional characteristic function equation induced by the
model (1.1-1.2). We denote the Fourier transform by (F¢)(u) := [p. exp(iu'z)¢(2)dz
for any absolutely integrable function ¢. Recall the notation of the conditional char-
acteristic function h(z,t;g9) = Elexp(it(Y — ¢(S5)))|X = z]. Independence of X and
A, as imposed in Assumption 1, immediately implies

E [exp (it(4o + A1 X)) | X = z] = /Rd exp (it(1,2")a) fa(a)da = (Ffa)(t, tz)

and hence the relation

(]—"fA) (t,tx) = h(x,t;g) (3.1)

for all t € R and 2 € R?"!. Moreover, relation (3.1) leads to

foh

for some measure v. Using this L? criterion we construct a sieve minimum distance
estimator of f4 and use a plug-in approach to estimate the VRC density fgp. Below,
we show that the choice of the log-normal distribution as weighting measure v is well
suited for our estimation problem.

The proposed sieve minimum distance estimator of the VRC density fp(-,w) is
based on the relation fg(b,w) = fa(b—g(w)) for any w in the support of W: Consider
the plug-in estimator

F(b,w) = Fa(b - E(w)) (3.3)

(F1a)(t,t2) — hiz, t; 9)| dv(t)de = 0, (3.2)

where f,4 is a sieve minimum distance estimator of f4 given by

fAAEargmin{/Rd_l/R‘(Ff)(t,tx)—ﬁ(x,t;’g\)}gdy(t)dx}

feAk

and Ak is a sieve space of dimension K = K(n) < oo with basis functions {g }r>1.
The sieve dimension K = K(n) grows slowly with sample size n. Sieve estimation
is also convenient to impose additional constraints on the unknown functions. These
constraints, such as positivity, can be directly imposed on the sieve space Ax. When



the constraints are not binding, we may consider Ax without constraints, which
then coincides with the linear sieve space Ax = {¢(-) = '¢*(-) : B € R} where

K /
The unknown conditional characteristic function A is replaced by the plug-in series
least squares estimator

n

~ . S 1 : .
h(w, t:9) = p* (@) P~ > exp (it(Y; = 9(5)))p" (X)), (3.4)
j=1
where p*(-) = (p1(), . .. ,pK(~)), is a vector of basis functions and we use the nota-

tion P = n~! > PR (X;)p™ (X)) Thus, the same sieve dimension K (as for Ak)
is used to approximate the conditional characteristic function h. The estimator g
of the regression function g is based on the conditional mean restriction (2.1). We
do not impose an explicit form of this estimator but rather impose a rate condition
on the estimator g to obtain our asymptotic results. In particular, g can account
for generated regressors when W are control function residuals. Below, Example 3.2
provides an illustration of estimating ¢ via series least squares. Although estimation
of the density fp involves two preliminary steps (estimation of h and g) it should
be emphasized that the estimation procedure is equivalent to a one-step sieve min-
imum distance estimator, which, additionally involves the conditional characteristic
equation h(X,t;g) = E [exp (it(Y — g(5))) | X] and the conditional moment equation
(2.1).

When no constraints are imposed, the sieve minimum distance estimator (3.3) is
of closed form. In this case, fB coincides with the double series least squares estimator

fB(b, w) = qK(b—g(u)))’@_l/w1 /]R (FqK)(—t, —t:z:)ﬁ(:z:,t;ﬁ)dl/(t) dx
where
Q= /R /R (Fa) (—t, —t2) (Fg¥) (t, ta) du(t)da (3.5)

is assumed to be nonsingular (at least for K sufficiently large). Nonsingularity of
@ is satisfied by Hermite functions (under mild conditions) which, as the following
example illustrates, are a convenient choice of bases for the sieve space Ay

Example 3.1 (Hermite Functions). Consider a linear sieve space Ax spanned by
Hermite functions (which are orthonormalized Hermite polynomials) given for k =
0,1,2,... by

G (1) = j;—%ﬁ exp(12/2) 7 exp(—£7),

These functions form an orthonormal basis in L*(R) = {¢ : [, #*(t)dt < oo} and are
convenient in our framework: Hermite functions are eigenfunctions of the Fourier
transform satisfying (Fqrs1)(t)/vV2m = i*quy1(t) =: Guy1(t). Thus, the double series



least squares estimator of fp given in (3.3) simplifies to
Folouw) =g —g) @ [ [ @t spd G
Rd-1

where Q = (2m)? [Lay [ @ (—t, —t2)q% (¢, tx)'dv(t)dz. The implementation of this
estimator is straightforward. In the finite sample analysis, we also estimate the con-
ditional characteristic function h using Hermite functions.

We now consider the case of tensor product basis functions. We make use of the
notation I, for the K;-dimensional identity matrix and ® for the Kronecker product.

Lemma 3.1. Let Agx be a linear sieve space spanned by tensor product Hermite
functions ¢% (t,u) = ¢*°(t) @ ¢% (u) where K = KoK,. Then, the matriz Q given in
(3.5) simplifies to

O=Quole  where Q= (272 / |10 (— )55 (£ du(8).
R

Lemma 3.1 shows that given tensor product Hermite functions in a linear sieve
space only the dimension parameter K, used to approximate the random intercept
induces potentially small eigenvalues of () and hence, slow accuracy of estimators.
Thus, if we are willing to restrict the complexity of sieve estimation in terms of Ky,
for instance, by imposing a fixed dimension K, then the rate of convergence does not
suffer from an ill-posed inverse problem. This semiparametric specification provides
a numerically stable estimation procedure as we see in our Monte Carlo simulation
section.

Remark 3.1 (VRS Density Estimation). The proposed methodology implies closed
form estimators of densities of subvectors of the VRC wvector. Consider the setup
of Lemma 3.1 with a linear sieve space and ¢" (t,u) = ¢*°(t) @ ¢"1(u) are Hermite
functions. The double series least squares estimator (3.6) yields the estimator of the

VRS density fp,(-,w) given by

ol ==z [ [ b0 e a6
where
bico (1) 1= / () da Q570 ().

Here, Ky coincides with the dimension of basis functions used for the estimator
h. Note that we impose restrictions on the weighting measure v below such that
Je t|'~4dv(t) is bounded above and away from zero and hence, Qq is well defined.

Example 3.2 (Series estimation of the varying coefficients). We provide an explicit
estimator of the mean regression function g(s) = E[Y|S = s|. Series estimation of
g 1s convenient, in particular, as an additive structure of g can be easily imposed.
To do so, consider the basis functions py, k > 1, and introduce the vector pX(s) =

(p" (w)', z1p™ (w)', ... ,xd,lpK('w)’), € R The series least squares estimator of g

10



s given by
a(s) = ()Pt Y Yiwi (5)),
j=1

where Py = n~! > i vy (S5)pi (S;)'. For instance, when using B-Splines as basis
functions, for asymptotic properties of such estimators see Xia and Li [1999], Fan

et al. [2003], Xue and Wang [2012], or Ma and Song [2015].

Notation. Introduce the norms ||¢[l, = ( [; [ra s \qﬁ(az,t)|2dxdu(t))l/2 and ||¢||ge =

(Jpa |6(uw)|?du) "2 with associated Hilbert spaces L2 = {¢: |||, < oo} and L*(RY) =
{6 : ||¢||ge < c0}. Moreover, || - || and || - ||« denote the ¢;—norm and the supre-
mum norm. For a matrix A, the operator norm is denoted by ||A||. For a ran-
dom vector V' the corresponding calligraphic capital letter V' denotes its support.
Let g : L?*(R?) — Ak denote the least squares projection onto Ag, i.e., g f =
argminge 4, [|¢ — fl[ge for all f € L?(R%). Further, define the function v : R — R¥
given by y(t) = P~ E[exp (it(Y —g(S)))p" (X)] where we recall P = E[p* (X)p* (X)'].
We use the notation a,, ~ b, for cb, < a, < Cb, given two constant ¢,C' > 0 and all
n>1.

3.2. Rate of Convergence

This subsection provides rates of convergence of the proposed estimators. In particu-
lar, we see that only the rate of the VRC density hinges on the minimal eigenvalues of
. On the other hand, it is shown below that the rate of convergence of the estimator
of the varying random slope B is not affected by the choice of v.

We introduce an assumption required for our asymptotic results. Below, \yax (M)
denotes the maximal eigenvalue of a matrix M. Throughout the paper, (74)r>1 and
(Ak)k>1 denote nonincreasing sequences.

Assumption 3. (i) A random sample {(Y;, X;, W;)}._, of (Y, X, W) is observed. (ii)
The measure v satisfies 0 < [, [t|'~4dv(t) < oo, [ t*dv(t) < co and ||h(-,-; 9)|, < oo.
(i11) Amax ( fga_s P (2)p" (2)dz) = O(1) and Apax( [Jga ¢ (a)g® (a)'da) = O(1). (iv)
Max(Ax P™1) = O(1) and sup,cga—1 ||p™ (2)||* = O(K) satisfying K log(n) = o(nAk).
(V) Amax(TQ@7") = O(1) and | F(Ix fa — fa)ll} = O(rx |k fa — fallga).

Assumption 3 (ii) imposes a mild restriction on the weighting measure v and is
satisfied, for instance, if v is the log-normal distribution. The maximal eigenvalue
restriction imposed in Assumption 3 (iii) is automatically satisfied if {py}r>1 and
{qx}x>1 form orthonormal bases in L*(R%"!) and L?*(R?), respectively. Assumption 3
(iv) allows the minimal eigenvalues of P to tend to zero, see also Chen and Christensen
[2015], who consider a similar restriction on the growth of basis functions. This
condition holds for Hermite functions, which are uniformly bounded, but also for
polynomial splines, Fourier series and wavelet bases, see also Belloni et al. [2015]
for further discussion and extensions of Newey [1997]. It is well known, that the
smallest eigenvalue of P is uniformly bounded away from zero if {p;},., forms an
orthonormal basis and fx is uniformly bounded away from zero on the support of
X. Thus, Assumption 3 (iv) is particularly suited in our case where a large support
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assumption of X is required for identification. Here, A has the interpretation of
a truncation parameter in estimation problems to ensure that the denominator is
bounded away from zero, see Breunig and Hoderlein [2018]. Assumption 3 (v) imposes
a rate restriction on the minimal eigenvalue of the matrix @ relative to (7x)k>1.
Assumption 3 (v) further specifies a link of the sieve approximation error on the RC
density fa between the “strong” norm || - ||z« and the “weak” norm || - ||,. Note
that Assumption 3 (v) is only required for estimating the VRC density but not for
estimating the VRS density. Such stability conditions are commonly imposed in
the literature on nonparametric instrumental variable estimation, see, for instance,
Blundell et al. [2007] or Chen and Pouzo [2012], but rely on mapping properties of an
unknown conditional expectation operator. In addition, in VRC models it is possible
to provide primitive conditions, as we see below.

Proposition 3.2. Let U(t) := [t|'~4(dv/du)(t) where u denotes the Lebesque measure
and assume that {qy}r>1 is an orthonormal basis in L*(RY).

(i) Suppose that, for some constant 0 < ¢ < 1, for all n > 1 and any non-zero
vector a € RE the inequality

/R 1a(Fq)(&)* 1 {5(t) < e huldt) / W F)Oud)  (38)

holds. Then, the smallest eigenvalue of Tr*Q is bounded away from zero and
bounded above.

(i) If

Z/| Fa) ()" (t)dp(t) = O(7x) (3.9)

I>K

then || F(Tg fa — fa)l2 = O(mx | Tk fa — falla)-

In the case of Hermite functions, condition (3.8) requires v to be sufficiently heavy
tailed while condition (3.9) requires [, [(Fq)(t) }2 v(t)du(t) to be sufficiently small for
all [ > K. Both conditions impose restrictions on the weighting measure v and the
basis functions {gx}r>1 but do not on the unknown density f4 itself. The following
example discusses the log-normal distribution as a weighting measure and provides
primitive conditions for inequality (3.8).

Example 3.3 (Log-normal weighting). The weighting measure v is given by the dis-
tribution Lognormal(0,c?) for some o > 0. Thus, the function v as introduced in
Proposition 3.2 coincides with U(t) = exp ( — (logt)?/(20%))/ (V2o t?) for all t > 0.
In this case, U(t) < Tx if and only if exp ( — (logt)?/(20%)) < 7 V/2mot? which holds
for all t > 0 satisfying

(log t)*/(20%) + d(log t) + log (v/ToTk) > 0.

Note that Hermite functions have most of its support close to zero when K is chosen
moderately and hence, inequality (3.8) is always satisfied for Ti sufficiently small. The
decay of the eigenvalues of Q) can be directly computed via numerical approximation
of the integral.
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We impose regularity conditions on the unknown functions of interest. To do so,
we introduce the space of square integrable functions L% = {¢ : |¢]|s := /E¢*(S) <
oo}. Further, we define the class of functions G := G(n) := {¢ = 'pf : [|¢ — gl <

v K/n}. The covering number N(G,|| - ||s,€) is the minimal number of Lg-balls of
radius € needed to cover G.

Assumption 4. (i) |xfa — fallre = O(K=5?) and ||v'p% — hl|, = O(K—F/(@=1),
(i) fa is continuously differentiable with square integrable Jacobian matrixz D f4. (iii)
17 = 9ll3% = Op(K/n) and ||g(w) — g(w)|I* = Op(K/(nTicAk)) for allw € W. (iv)
There ezists Cy, > 0 with Cp,/K/n = O(1) such that fol V1+1og N(G, | - |s,€)de <
C, < oo.

Assumption 4 (i) captures regularity conditions on the density f4 and the condi-
tional characteristic function h via sieve approximation errors. Example 3.4 charac-
terizes the sieve approximation condition when using Hermite basis functions relative
to the smoothness of the unknown function of interest. For further discussion and
other examples of sieve bases, see Chen [2007]. Assumption 4 (ii) imposes a mild
smoothness condition on the density f4. Assumption 4 (iii) imposes rate restrictions
on the varying coefficients estimator. Assumption 4 (iv) is a regularity condition on
the function class G and was also imposed in the literature, for instance, in Chen and
Pouzo [2012, Lemma C.3 (i)].

Example 3.4 (Hermite functions (cont’d)). Consider again the case where the linear
sieve space Ay is spanned by Hermite functions. If fa has 2¢ derivatives such that
[ fY(x)dz < oo for all v < 2C then the sieve approzimation condition |Tlgxfa —
fallga = O(K %) in Assumption 4 (i) is automatically satisfied due to Lemma 2
of Coppejans and Gallant [2002]. See also Bongioanni and Torrea [2009] where a
Sobolev space for Hermite functions is constructed (and also in the case of Laguerre
polynomials). On the other hand, if A has compact support and fa belongs to a Sobolev
ellipsoid of smoothness  then the sieve approzimation error O(K /%) is obtained for
B-splines, wavelets, or trigonometric basis functions, see Chen [2007].

Consider first estimation of the joint density of the VRC vector B holding ob-
served characteristics fixed. The following theorem provides the rate of convergence
in L?(R%)-norm of the estimator fz(:,w) given in (3.3) for some fixed w € W.

Theorem 3.1. Let Assumptions 1—4 be satisfied. Then for any w € W:
/ |Falb.w) = fob,w)'db = O, ((maehi) ™ (w71 + K2/ ) 4 7).
R

We see from the previous result that the parameters 7 and Ag, which capture
the minimal eigenvalues of ) and P, respectively, slow down the rate of convergence.
As the weighting measure v influences the eigenvalues of @) it does also affect the rate
of convergence of the joint density of the varying random coefficient B. Note that the
optimal choice of the dimension parameter K is lower than for usual nonparametric
estimation problems and relative to the value of 7 and \g. R

We now provide the rate of convergence in L?(R¢)-norm of fp when the dimension
parameter K is chosen such that the variance part (n7x A ) 'K and the squared bias
part K~%/4 are of the same order. For ease of exposition we assume that Ay is
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uniformly bounded away from zero, which requires a sufficiently large support of
regressors X. We further consider the case that n™'K dominates the squared bias
part of estimating h which is K ~2//(4=1_ The next result immediately follows from
Theorem 3.1 and hence, its proof is omitted.

Corollary 3.1. Let Assumptions 1—4 be satisfied. Further if A is uniformly bounded
away from zero, T ~ K724 [ ~ n@/2CH2e4d) g q if

a+( p
i Sd-1

(3.10)

holds, then for any w € WW:

/ }J?B(ba w) — [5(b, w)fdb =0, <n*24/(2C+2a+d)>_
R

As we see from the previous result, the usual rate of convergence for ill-posed
inverse problems is obtained if K levels variance and squared bias, see also Hoderlein
et al. [2010] in the case of kernel estimation in ordinary RC models. Yet in contrast
to Hoderlein et al. [2010] (see their Section 4.3), no heavy-tailedness of covariates
X is required for our convergence results. In particular, Hohmann and Holzmann
[2016] showed under Gaussian white noise that the rate of convergence can be much
slower, even severely ill-posed, under lighter tails of X. Also note that the condition
(3.10) ensures that n 'K dominates the squared bias of estimating h and is only a
mild restriction. Indeed, if, for instance, d = 2 then the usual rate of convergence is
obtained if 2p > ( + a.

Below, we establish a rate of convergence for estimating the density of the varying
random slope B; holding observed characteristics W fixed. The next results show
that for estimating the VRS vector B; when we restrict the sieve dimension, to
approximate the random intercept, to be bounded. In this case the rate of convergence
does not depend on the eigenvalue behavior of the matrix Q.

Theorem 3.2. Let Assumptions 1, 2, 3 (i)—(iv), and 4 be satisfied where ¢ (t,u) =
g% (t) ® ¢**(u) are tensor product Hermite functions with Ko = O(1). Then the
closed form estimator fp, (-, w) given in (3.7) satisfies for any w € W:

/d \fBl(bl,w)—fBl(bl,w)\del 0, (A;}i <n_1K1+Kl—2p/(d—1)) +K1—2C/(d—1))'
Rd—1

Note that the condition K, = O(1) together with Assumption 4 (i), that is,
T g fa— fallre = O(K~¢/%), imposes a semiparametric restriction on the RC density
fa. We emphasize that the parametric restriction concerns only the random intercept
Ag but not the random slope A;. Also the rate of convergence derived in the previous
result depends on the dimension parameter K only. This is due to the definition of
our estimator where the dimension of basis functions used to estimate the conditional
characteristic function h coincides with the dimension parameter K7, see also Remark
3.1. Similarly to Theorem 3.2, convergence rates of subvector VRS densities can be
derived.

The following result provides the rate of convergence when the dimension param-
eter K such that the variance part (n\g,) 'K and the squared bias Kl_%/d are of
the same order and n 'K, dominates the squared bias of estimating h. Again we
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consider the case where A, is uniformly bounded away from zero. The next result
immediately follows from Theorem 3.2 and hence, its proof is omitted.

Corollary 3.2. Let the conditions of Theorem 3.2 be satisfied. Further, if Ak, is
uniformly bounded away from zero, Ky ~ p\d=D/Hd=1) and ¢ < p holds, then the
closed form estimator fp, (-, w) given in (3.7) satisfies for any w € W:

/ |fBl(b7 w) — fp, (b, w)|2db =0, (n’%/@“d*l))_
Rd—1

As we see from the previous result, the rate of convergence coincides with the
usual optimal rate in nonparametric density of dimension d — 1. We see that the
rate for estimating the density of the varying random slope B; is not affected by the
ill-posedness under the condition Ky = O(1).

3.3. Pointwise Limit Theory for Linear Functionals

This subsection is about inference of linear functionals £(-) : L2(R?) — R of the den-
sity fg(-,w) for some realization w of W. Examples of linear functionals are, but
are not limited to, the point-evaluation functional or (weighted) averages of fg(-, w).
The linear functional ¢(fp(-,w)) is estimated below using the plug-in sieve estimate
estimator ¢ (fB(', w)). This subsection provides a limit theory for this plug-in estima-
tor.

As mentioned in the introduction, an important example of a linear functional of
fB is the density of the potential outcome Y* = g(w)'z + A'z, where s = (2/,w')".
Indeed, the density of Y* can be written as?

fy(y,S) = \/]Rd—1 fB((y — x’bl,bl),w) dbl

Also the weighted averages of potential outcomes fR w(y) fy (y, s)dy for some function
w is a linear functional of fg(-,w). In particular, we obtain the distribution of the
potential outcomes which is relevant also in the context of quantile treatment effects.

The asymptotic distribution result below requires the following additional notation
and assumptions. We introduce the sieve variance

vic(w) = 0(¢" (- — g(w))) Q2L QT (¢" (- — g(w))) (3.11)

where
5= / / R()P™E [p (X)p(s)p(~0p (XY P~ R(~)dv(s)dv (1),

using the notation p(t) = exp(it(Y —g(95)))—h(X,t; g) and the matrix valued function
R(t) = Q72 [ (Fg®)(t,ta)p™ (z)'dx. We replace the sieve variance vy by the
estimator

Vic(w) = (g™ (- = 8(w)))' QTR (¢" (- — &(w))), (3.12)

2This relation follows immediately by the well known property fAU+A/1x(c) = f]Rd—l fa (cfu’x, u) du.
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where the matrix X is replaced by

S [ [ RGPS p R () P Rt s)an()

~

with p;(t) = exp(it(Y; — 9(S;))) — h(X,,t;9). In order to derive the asymptotic
distribution of our estimator we require addition assumptions. Below, we denote the
inverse Fourier transform by (F~'¢)(u) = (2m)™¢ [, exp(—itu)¢(t)dt.

Assumption 5. (i) The minimal eigenvalue of NS is uniformly bounded away
from zero. (ii) It holds C2K* = o(n\g). (iii) For all w € W: /nl(Ilg fa(- —
g(w)) = fa(-—g(w))) = o(\/vr(w)), Vrl([F (v =1)](- —g(w))) = o(\/vk(w)),
and /n||g(w) — g(w)|| = 0,(v/vik(w)). (iv) The sieve space Ay is linear: Ax =
{QS() =pq%(): Be RK} and q;, | > 1, are continuously differentiable. (v) It holds
Je IR@)|2dv(t) = O(1).

Assumption 5 (i) implies a lower bound on the sieve variance which we require to
achieve asymptotic distribution results of the estimator. This condition implies that
the sieve variance attains the lower bound vi(w) > Cs [|€(¢" (- — g(w))) Q~Y?||*/ Ak
for some constant C'y;, > 0. For instance, when £(-) is the point evaluation functional
and @ is a diagonal matrix with polynomial decay of order —2a//d we obtain vy (w) >
Cs, K?o+d/d provided that Ag is bounded from below and ||¢* (a—g(w))||? > K which
holds at most points a € A (see Belloni et al. [2015]). Consequently the lower bound
of the sieve variance corresponds to the mildly ill-posed case in Chen and Pouzo [2015,
p. 1053]. Assumption 5 (ii) imposes a stronger rate requirement on K than the one
required for consistency. Assumption 5 (iii) specifies a pointwise sieve approximation
error and has the interpretation of an undersmoothing condition, which is required
to ensure that the approximation bias is asymptotically negligible. Assumption 5
(iv) restricts the sieve space to be linear and, in particular, that constraints on den-
sity estimation, such as positivity, are not binding. If such constraints are binding
asymptotically then such shape restriction can lead to non-normal distributions. As-
sumption 5 (v) is automatically satisfied if the basis under consideration is given by
Hermite functions.

Assumption 6. It holds ¢, = o(1) where ¢, = /K log(n)/(nTxAx) + K/?=°/d=D
and ||y'p" = hll, = O(K /1)

Assumption 6 strengthens the rate conditions imposed in Assumption 5 and is
required for consistent estimation of the sieve variance v (w). The next result estab-
lishes the asymptotic distribution of the estimator ¢(fg(-, w)).

Theorem 3.3. Let Assumptions 1-3, 4 (ii)-(iv), and 5 be satisfied. Then, for any
we W:

n/vic(w) (0(Fo (o w) = €(fp(-w)) ) 5 N (0,1).
If, in addition Assumption 6 holds, then

nfoc(w) (U(Fs(w) = €(falw) ) 5 N(O,1).
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A direct implication of the previous results concerns inference on functionals of
the VRS density fp, (-, w). The next result is based on plug-in series estimator (3.7)
using tensor product Hermite functions. In this case, the sieve variance simplifies to

vig (W) = (" (- — g(w))) S1t(¢" (- — g(w)))

where the matrix ¥; is coincides with ¥ except that K replaced by K; and R(t)
replaced by [na 1 bk, (t)q"" (ta)p™* (x)'dz, where the function b, is given in Remark
3.1. Now if Ky = O(1) a lower bound for the sieve variance is vy, (w) > Cs, [|¢(¢"*(-—
g(w)))||?/Ak, for some constant Cy,, > 0. When A, is uniformly bounded away from
zero this corresponds to the usual lower bound in well posed estimation problems,
see Newey [1997] or Belloni et al. [2015]. An estimator Vg, (w) of the sieve variance
vk, (w) is obtained by replacing the covariance matrix 3, by 53, which is analog to
the definition of £. The next result is an immediate consequence of Theorem 3.3 and

hence its proof is omitted.

Corollary 3.3. Let Assumptions 1, 2, 3 (i)-(iv), 4 (ii)-(iv), 5, and 6 be satisfied
where ¢% (t,u) = ¢"5°(t) @ ¢ (u) are tensor product Hermite functions with Ky, =
O(1). Then, for any w € W:

n/¥ie (@) (T () = £(Fm, () ) 5 N0, 1),

3.4. Bootstrap Uniform Confidence Bands

This subsection provides a bootstrap procedure to construct uniform confidence bands
for fp(-,w) and establishes asymptotic validity of it. The multiplier bootstrap proce-
dure is as follows. Let (£1,...,&,) be a bootstrap sequence of i.i.d. random variables
drawn independently of the data {(Y1, X1, Wh),..., (Y, Xn, W,)}, with Elg;] = 0,
E[e?] = 1, E[l¢;|’] < oo for all 1 < j < n. Common choices of distributions for &; in-
clude the standard Normal, Rademacher, and the two-point distribution of Mammen
[1993]. Further, P* denotes the probability distribution of the bootstrap innovations

(¢1,...,&,) conditional on the data. For any w € W, we introduce the bootstrap
process
Ky _ & 1NH—1/2 n
q" (b —gw))'Q 1 / ~ p-1, K
7' (byw) = — — R(t)p;(t)dv(t) P~ p™ (X)) ¢e; | -
VK(b,U}) \/ﬁ jzl R J Jj) <y

Here, we use the notation vi (b, w) and Vi (b, w) for the sieve variance and its estimator
given in (3.11) and (3.12) in case of point-evaluation functionals. Let C be a closed
subset of RY. Let A be the standard deviation semimetric on C of the Gaussian
Process Z(b,w) = ¢%(b — g(w))'Q"Y2Z/\/vi(b,w) with Z ~ N(0,%) defined as
Ay (b1, by) = (E[(Z(by, w) — Z(by, w))?])"/?, see e.g. van der Vaart and Wellner [2000,
Appendix A.2]. To do so, we introduce the notation N(C, A, ¢) for the e-entropy of C
with respect to norm A.

Assumption 7. (i) C is compact and (C,A) is separable for each n > 1. (ii) There
exists a sequence of finite positive integers c, such that 1+ fooo \/log N(C, Ay, €)de =
O(cyp). (i) There exists a sequence of positive integers vy, with r, = o(1) such that

17



K°2)\ 2 = o(r3\/n), rpe, = O(1), and

+ Cn<cn+K("’)/(d‘1)+sup L!HKfB(b,w)—fB(bﬂvU)\):0(7’n)-

log(n)
n beC VK (ba U))

M K

(iv) 1t holds supyee (11" (b — g(w)) QY22 /vie(b,w) ) = O(1).

Assumption 7 is similar to Chen and Christensen [2018; Assumption 6] who es-
tablish asymptotic validity of uniform confidence bands in nonparametric instrumen-
tal variable estimation. Assumption 7 (ii) is a mild regularity assumption, see also
Chen and Christensen [2018, Remark 4.2] for sufficient conditions. Assumption 7 (iii)
strengthens the rate conditions imposed on the dimension parameter K and imposes
a uniform sieve approximation error.

The next theorem establishes the validity of the bootstrap for constructing uniform
confidence bands for the VRC density fg(-,w). The proof of this result is based on
strong approximation of a series process by a Gaussian process, and uses an anti-
concentration inequality for the supremum of the approximating Gaussian process
obtained in Chernozhukov et al. [2014]. For sieve minimum distance estimation in
nonparametric instrumental variable estimation this is also exploited by Chen and
Christensen [2018].

Theorem 3.4. Let the assumptions of Theorem 3.3 and Assumption 7 hold. Then
for all w e W:

P (sup
beC
Theorem 3.4 establishes consistency of the sieve score bootstrap procedure for

estimating the critical values of the uniform sieve t-statistic process for the VRC

model. The result also contributes to the literature on ordinary RC models, as up
to now, only asymptotic validity of pointwise confidence intervals is established and

complements the results of Dunker et al. [2019] who proposed tests for qualitative
features of the ordinary RC’s density.

n

ek Vic(b,w)

seR

(fB(b, w) — fz(b, w))’ < s) P (sup |2 (b, w)| < s)‘ = 0,(1).

beC

4. Simulation Studies and an Empirical lllustration

This section provides a finite sample analysis of the proposed estimator. Subsection
4.1 presents the finite sample performance of the proposed estimator in Monte Carlo
simulations. Subsection 4.2 applies the procedure to analyze heterogeneity in income
elasticity of the willingness to pay for rent in an empirical illustration.

4.1. Simulation Studies

This subsection presents the finite-sample performance of the estimator of the varying
random slope in a Monte Carlo simulation study. The experiments use a sample size
of 1000 and 1000 Monte Carlo replications in each setting. In each experiment, i.i.d.
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draws of regressors (X, W) are generated from

() = (G)-(52)

where the variance o? is varied in the experiments. Realizations of A are generated
independently of (X, W) as follows: The random slope parameter A; is drawn either
by a mixture of normal distributions, i.e., N'(—1.5,1) and N (1.5,0.5) with weights
0.5, or by the Gamma distribution I'(3,1). In each case, the random intercept is
generated independently of the random slope by Ag ~ N(0,1). Realizations of the
dependent variable Y are obtained by

Y = Ay + X By, (4.1)
with varying random coefficients

where in the experiments either g;(w) = sin(w) or ¢;(w) = exp(Jw|) — 1.

In this simulation study, a linear sieve space with Hermite functions is used and
no additional constraints are imposed. Consequently, the resulting estimator of the
density of By is of closed form as given in (3.7). Numerical integration is used to com-
pute the integrals in equation (3.7) based on the Adaptive Gauss-Kronrod quadrature
(using the pracma package in R). We keep the dimension for the random intercept
fixed with Ky = 1. The conditional characteristic function A is estimated via series
least squares as in equation (3.4) where the basis functions coincide with the Hermite
functions of dimension K;. For the estimation of the varying coefficient function g,
we use quadratic B-spline bases with interior knots placed evenly. More precisely, we
use two interior knots when using the function g;(w) = sin(w) and four knots in the
case of g1(w) = exp(Jw|) — 1. As weighting measure v, we choose the log-normal dis-

Varying Coefficient | St. Dev. of X MISE(J?BI) for sieve dim.
g1(w) o Ki=4 K =5 K =6
sin(w) 1/2 0.0373 0.0642  0.3094

1/2 0.0184 0.0167 0.0318
1 0.0140 0.0075 0.0092
2 0.0129  0.0069 0.0056
exp(|w|) — 1 1/2 0.0267 0.0672 0.3110
1/2 0.0156 0.0189 0.0336
1 0.0126 0.0088 0.0106
2 0.0125  0.0091 0.0070

Table 1: Monte Carlo Results for the MISE(f5,) for varying values of o and different func-
tions of g;. Bold letters show values of MISE(fBl) minimized w.r.t. Kj.

tribution as motivated in Example 3.3, more precisely, v is given by Lognormal(0, o2)

where 0, = 1/4.
For the implementation of the estimator it is required to choose the dimension
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parameter K7, given that we have fixed the dimension Ky = 1. In the Monte Carlo
experiments we choose these parameters to minimize the mean integrated squared
error. Table 1 reports the mean integrated squared error of the estimator fg, (-, w) of
fB,(+,w) when w = 0 which is given by

~ 5 —~
MISE(fa) =B [ |Fay(8.0) = fi 0.0
-5

where the expectation is over the mean of all simulations.
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Figure 2: The first column shows the median of the estimators ]?31 (-,w), with their point-
wise 95% confidence intervals when g; (w) = sin(w). The second column is equiv-
alent but uses gi(w) = exp(Jw|) — 1. The solid lines depict the true density
fB,(-|]w) where w = 0.

Table 1 depicts values of MISE(fA'Bl) for different values of o2 and different func-
tions ¢;. In each case, the MISE(J/”\BI) is provided for different sieve dimensions K7,
where the minimized value (w.r.t. the sieve dimension K7) is shown in bold letters.
From Table 1 we see, not surprisingly, that the MISE(]?BI) decreases as the variance
of X becomes larger. In particular, the optimal choice of the dimension parameter
K increases as the variance 0 becomes larger. This is in line with the rate of con-
vergence as derived in Theorem 3.2, see also the discussion thereafter. The MISE
when ¢;(w) = exp(|w|) — 1 is larger as in the other case which is due to irregularity
of the function g; at zero.

Figure 2 shows the estimation results when the true distribution of B; is given
by an equally weighted mixture of N'(—1.5,2) and N (1.5,1). The solid line depicts
the true density f5, (-, w) with w = 0, the thick dashed line depicts the median of the
estimators, and the thin dashed lines show the 95% percent pointwise confidence inter-
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Figure 3: As in Figure 2 but where the true density, depicted as solid line, is the density
of I'(3,1).

vals. The number of Hermite basis functions K is chosen to minimize the MISE(fBl)
as shown in Table 1, i.e., K; = 5 when 02 = 1 and K; = 6 when 0? = 2. We see that
as the variance o2 increases (lower panel of the figure) the median of the estimators
is closer to the true density. Although there is no positivity constraint imposed, the
closed form median of the estimator together with their 95% confidence intervals are
non-negative between —5 and 5. As the variance of X increases the pointwise confi-
dence intervals become more narrow, which is in line with the pointwise asymptotic
theory. This indicates the difficulty of estimating random coefficients in the case
where X has light tails. Nevertheless, we see that the estimator performs well even
if X has a small variance and is far from heavy tailed. Figure 2 also shows that the
procedure is robust even against irregularities of the varying coefficient function, i.e.,
when ¢; coincides with g;(w) = exp(|w]|) — 1.

Figure 3 depicts the estimator of fp, in the case when A; is generated by the
Gamma distribution I'(3,1). For the implementation of the estimator we use the
same choice of tuning parameters as described above in the normal mixture case.
Again we find the 95% confidence interval and the median are more accurate when
the variance of X is increased from 1 to 2 and ¢; coincides with the sine function. In
all cases, we see that the true density function lies outside of the confidence intervals
for by € [7,9]. This bias is due to a larger variance of Ay, i.e., Var(A;) = 3, which
implies that higher order Hermite functions are required to fully accurately capture
the finite sample support of Aj.

We finally present estimation results when not only the random slope (again we
consider A; ~ I'(3,1)) but also the random intercept is not normally distributed but
Ay ~ U(0,1). We use the same implementation as above but normalize the VRS

21



density estimator to integrate to one. Since we only use the Hermite basis function
of order zero to account for the random slope the estimator is misspecified in this
direction. The estimation results are shown in Figure 4. From this figure we see that
misspecification of the density of Ay has only a minor effect on the accuracy of the
VRS density estimator after normalization. This is in contrast to misspecification
of the functional form of varying coefficient functions ¢; which can lead to severe
nonlinear biases, see Example 2.2.
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Figure 4: As in Figure 2 but where the true density, depicted as solid line, is the density
of I'(3,1) and Ag ~ U(0,1). Estimators are normalized to integrate to one.

4.2. An Empirical lllustration

In this subsection, the methodology is applied to analyze heterogeneity in income
elasticity of demand for housing. Heterogeneity plays an important role in classi-
cal consumer demand and might be driven by unobserved heterogenous preferences.
In the empirical illustration we use data from the German Socio-Economic Panel
(SOEP). While the SOEP is a longitudinal survey we restrict ourselves to the year
2013. We only consider individuals who do not have missing observations in rent,
income, and size of the apartment, which results in a sample of size n = 7230.

We are interested in assessing the heterogenous effect of household income on
households’ willingness to pay for rent. Formally, let us consider the empirical VRC
model

Y = BIX + g()(W) + AO?
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and
By =gi(W) + Ay,

where Y denotes the log monthly rent, X denotes the logarithm of the household
net income per month, and W is the logarithm of the size of the housing unit in
square meters.® The empirical VRC model thus imposes functional forms rather
than letting the conditional distribution of unobserved heterogeneity given housing
characteristics unrestricted. The following table provides summary statistics of the
relevant variables.

’ ‘Min. 1st Qu. Median Mean 3rd Qu. Max. St. Dev.‘

Y: log rent 2.485  5.858 6.120 6.113  6.389 8.517 0.444
X: log hh. income | 5.193  7.162 7.550  7.520 7.901  10.130 0.569
W: log size housing | 2.303  4.060 4.263  4.253 4477 5.886 0.371

The interpretation of B is that of a heterogeneous elasticity. Independence of
the heterogeneous income elasticity of demand and income itself might be difficult to
justify if no additional covariates are included to explain B;. We compute the variance
of By from the empirical analog of E[(Y —g;(W))2X]|—E[(Y — g;(W)) X]? which yields
the value of 0.0431, where g; is estimated using B-splines as described below. The log
size of housing W explains much of the variation in By, i.e., if gy = 0 then variance of
By is given by 0.5899. The small variance does not prevent estimating the density of
By using global basis functions, such as Hermite functions, because we can transform
the model such that B; has , e.g., variance one and then back—transform the density
function of By. Here, ¢; is replaced by a B-spline estimator as explained below.
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Figure 5: Left: B-spline estimator of gg. Right: B-spline estimator of g;.

The estimator ]/C\Bl is implemented as described in the previous section. The num-
ber of Hermite functions used is Ky = 1 and K; = 7. The weighting measure v is

3As stated in Harrison and Rubinfeld [1978], rental prices reflect the market’s current valuation of
housing attributes, while housing values reflect expectations about future as well as present hous-
ing conditions. Hence, conceptually it is more appropriate to use rental prices when estimating
hedonic functions for housing demand.
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again given by Lognormal(0,c?) with o, = 1/4, as in the Monte Carlo section. For
estimation of the functions gy and g; we use again quadratic B-spline bases functions
with three interior knots and follow Example 3.2. Figure 5 depicts the B-spline esti-
mators for the varying coefficient functions gy and g;. We see that both estimators
are nonlinear on the support of W.

For the bootstrap uniform confidence bands, we consider one representative sam-
ple and generate the bootstrap innovations € according to the two-point distribution
suggested by Mammen [1993], i.e., € equals (1—+/5) /2 with probability (1++v/5)/(2v/5)
and (1 ++/5)/2 with probability 1 — (1++/5)/(2v/5). Based on the estimator we gen-
erate the bootstrap process Z*(-|w) as described in Subsection 3.4. The results are
based on 1000 bootstrap iterations.
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Figure 6: Solid line depicts the sieve estimator of fp, based on K; = 7 Hermite functions.
Dotted lines depict the 95% uniform confidence bands based on 1000 bootstrap
iterations.

Figure 6 depicts the estimator for the density of B; evaluated at the mean of W
which is w = 4.253. Note that B; can be directly interpreted as heterogenous marginal
effect. From this figure we see that the estimated density has support between —0.2
and 0.8. The uniform confidence bands show that the support is significantly positive
(at 0.05 nominal level) only at —0.05 and 0.6. The estimated density is clearly not
symmetric. We also see that the density is positively skewed and is more heavy tailed
on the right hand side. This is reasonable as one would expect the response of a
marginal increase of income to be skewed. It is also interesting to see that the 95%
uniform confidence sets are bounded away from zero.

5. Conclusion

This paper analyzes heterogeneity in VRC models. This model generalizes ordinary
RC models by including nonlinearities in observed characteristics, which might stem,
for instance, from measurement errors or control function residuals. A novel esti-
mator of the VRC density based on weighted sieve minimum distance is proposed.
Under semiparametric restrictions on the random intercept, our estimator of the VRS
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density is not affected by the ill-posedness that is associated with the nonparametric
estimation of the joint VRC density. We establish novel inference results, such as
uniform confidence bands, to adress uncertainty in VRC density estimation which
goes beyond what has been shown in ordinary RC models. We find that finite sample
estimation results are surprisingly stable when the sieve space is spanned by Hermite
functions. This also advocates the use of the proposed methodology in the context
of ordinary RC models. Finally, the methodology is applied to estimate the den-
sity of heterogeneous income elasticity of demand for housing, which is shown to be
highly skewed. The proposed estimator can also be extended to include nonlinear
index functions as in Lewbel and Pendakur [2017]. Yet the analysis of its asymptotic
properties is left to future research.

A. Appendix

Throughout the proofs, we will use C' > 0 to denote a generic finite constant that
may be different in different uses. Further, for ease of notation we write >, for 7
and [ for [, or [p. .. Recall that || - || denotes the usual Euclidean norm, while for
a matrix A, ||A| is the operator norm. Recall the notation P = E[p* (X )p* (X)'] and
P =n="%7 p"(X;)p" (X;). We use the notation a, < b, to denote a,, < Cb, for all
n>1.

PrROOF OF LEMMA 2.1. The VRC model (1.1-1.2) yields by Assumption 1 (ii) the
conditional moment restriction E[Y|X, W] = go(W) + S ¢;(W)X,. The varying
coefficients functions g;, 0 < [ < d— 1, are identified through this conditional moment
restriction by Assumption 1 (iii) . Further, we obtain

Elexp(it(Y — 9(5)))|X = «] = Elexp(it(Ao + 4, X))|X = a.

Since X is independent of A (see Assumption Assumption 1 (i)) we can rewrite this
equation using the notation of the Fourier transform for any x in the support of X as

h(z,t;9) = (Ffa)(t, tx).

By the large support condition imposed on X in Assumption 1 (i) we can make use
of Fourier inversion to obtain

1 .
Fale) = G5z [ expl=ian) (Fia) (i

a #//“'d_l exp ( —it(1,2")a) (F fa)(t, tx)dt dz
(Qi)d//ﬁld_l exp(—it(l,x’)a)h(x,t;g)dtdx,

where the integral on the right hand side is finite due to Assumption 1 (ii). This shows
identification of the RC density f4 of A. Now identification of the VRC density
of BY = g(w) + A follows immediately by employing the relationship fg(b,w) =

fa(b—g(w)). O

Proor or LEMMA 3.1. From the formula of the double series least squares estima-
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tor with @ given in (3.5) and from basic properties of the Kronecker product we

infer
a=n [ [ aKO(—t)®(jK1(—tx)> (7 @ 7 (1)) du(t)d
(2r) d/Q//NKO t) @ ¢ (—ta)g™ (tx) dv(t)dx
= 0 [ g 07 e vl [ 7 (-u)d (wdu
= n) [ -g e o L,

using that ¢ is a vector of Hermite functions which are orthonormal in L2(R4!). [

PROOF OF PROPOSITION 3.2. Proof of (i). Recall the definition (t) = |¢|'~%v(t).
For some constant 0 < ¢ < 1, for all n > 1, and any a € R we have due to Parseval’s
Formula:

laf® = //|a (¢, ) Pdudi
://|a'<fq (¢, ) 2du dt

_ / / @ (Fg) (& t2) 2 [H* 1{5(8) > 7 bl dit
+//\a’ (Fg™)(t,u)* 1{D(t) < 7k Ydu dt
<t / / 0 (Fg) (& t2) 2 [t da di(t) + ¢ / / o (Fg) (¢ u) 2du dt
:T;//m' (Fg )t 1) P du(t) + ¢ |la]2
Consequently, we obtain 7k < O.

Proof of (ii). Using the series expansion of f given by f = .- (f, gx)reqr we
obtain by the Cauchy-Schwarz inequality

//' (M f = )] tt.ﬁlf‘dajdy //‘Z [ ai)ra(Far)(t, tx) da:dy()

k>K
S(ZkaRd Z//|}"qk tta:|dxdy()>
k>K E>K
/(HKf f)? de//|qu )(t, u)[*du do(t)
k> K
/(HKf £ dbz/mqk )Pdw(t),
k> K
by the unitary property of the Fourier transform, which completes the proof. O
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For the following proofs we require additional notation. Introduce the vector
(Y, 855.0,t) = (exp(it(Y) — ¢(S;))) — exp(it(Y; — g(5)))))p" (X;) (A1)

with k—th entry denoted by (Y, S;; ¢,t) and p¥(-) := P~/2pK(.). We also in-
troduce the classes of function G = {¢ = pF : |6 — gl < VK/n}, F =
{Re(¢k(,¢, )) : ¢ € g}7 and ‘Flg - {Im(¢k(7¢7 )) : Qb S g} Further, N[](‘Fv ”'||V727 6)

denotes the || [|,.2 := 1/ [ || - |} dv covering number with bracketing of a set of func-
tion F. Define the envelope function Wy(-) = supyg [¥x(-; @, -)|, which satisfies

max E/|\Ifk(Y,S;t)|2dl/( ) < max E [sup|(¢(S g(S))ﬁk(X)‘2] /tzdu(t)

1<k<K 1<k<K $€G

< sup 6 — g ma, BF()] [ ean(y

S K/n, (A.2)

using [ t2dv(t) < 1 by Assumption 3 (ii). This upper bound is used in the following
proofs.

PrOOF OF THEOREM 3.1. The proof is based on the decomposition

/}fB(b,w) —fB(b,w)fdbﬁ/‘fA(a) —fA(a)|2da

Consider the first summand on the right hand side. We have

/f } o
sup N (A4
s\ Tt mrmme) 5 )
which is a consequence of the upper bounds imposed in Assumption 3, that is,

Aax(TxkQ@71) < 1 and )\max(qu(a)qK(a)’da) < 1, since for any f(-) = B'¢"(-) it
holds

[ [1En i =5 [ [ @ e i s

2 7x|IBI*

o [ P
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The definition of the estimator fA implies
~ ~ 2
[ [ |ie.t9) - FFo | avey ao
~ 2
< [ [ |petsd) - ittt dve o
This inequality, the upper bound (A.4), and the definition of the estimator h yield

2
dv(t) dx

e [ 1B - Mefa@fda s [ [ |FFtte) = Pttt
S [ [ [pets) = Frlicsae, )] avie) ds
< [ [1Fn- | wwa

-~

[ PP S e (105 - g(S))p0X) ~ b (a1 (0)] dvlt) da

J/

-~

[ [P ST explie () (exp (i8(5)) - exp (it(5))))

g

111

2
dv(t) dx

J

n // pK(I)/7(t) — h(x,t;g)rdl/(t) dz .

J/

-~

1V

Due to the sieve approximation error of f4 in Assumption 4 (i) it holds
1= | FTcfa = Fall2 = O(micl T fa = fallhe) = mack /%

In the following, we make use of [|[P~! — P=1|| = O,(Ag'v/K log(n)/n), see Belloni
et al. [2015, Lemma 6.2] or Chen and Christensen [2015, Lemma 2.1]. By Assumption
3 (iii), the eigenvalues of [ p™(z)p”(z)dz are bounded from above and thus

11 < H/pK(fr)pK(x)’dxH |Ppe)?

[ a3 (exw (0095 = 5) = 020 (0| ot

SN [ B [(Xots9) = 9 O @7 00] [ dvte) + O A

<o / E[I(X, t;g) — p¥(X)4(8)Fdu(t) + 0p(K ) (nAk))
= O, (A" K~/"D 4 K/(nAg)),

making use of the sieve approximation condition imposed on Assumption 4 (i). Con-
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sider I11. Due to Assumption 4 (iii) we may assume g € G, which implies

III<//sup PP ‘1Z¢K Y;. 851 6.0)| dv(t)da

Peg

by using the definition of 9% as given in (A.1). Applying Theorem 2.14.5 of van der
Vaart and Wellner [2000] together with the upper bound for the envelope function
(A.2) yields

PG

K
k=1 €

K 1
1§ K
n 1 ! N ‘FR “v,2 d \/i
~n /0\/+og N(Fe I 2y €)de -
1 K K\ 2
+/0 \/1+logN[]<]'—/§7H'||u,276)d6\/g+ g)

where the second upper bound is due to the last display of Theorem 2.14.2 of van der
Vaart and Wellner [2000]. The upper bound of the envelope function in inequality
(A.2) (implying local uniform || - ||, 2 continuity of ¥(-; ¢, ) with respect to ¢ € G)
together with Lemma 4.2 of Chen [2007] yields

K
Z/Esup n Y (Y5, Sji 6. t) — Ba(Y, S;qb,t)rdy(t)

log N (FE |- lzs ) < 1o N (G |- 15, ¢/4). (A5)
Using Assumption 4 (iv) we thus obtain the rate K/n. Further, from the inequality
Amax (P72 [ pE(2)p® (x) deP~1/?) < A" we infer

//sup _1/2E¢K(Y,S;gb,t)’2dl/(t)dx

PeG

<A / supE | exp(it(V — 6(5))) — exp(it(Y — g(S)))| du(t)
PeG

< At sup 16— gll3 / 0
PeG
= op(K/(n)\K)),

using E [ exp(it(Y — ¢(5))) — exp(it(Y — g(95)))|* < #*]|¢ — g||¢ and [¢*dv(t) <1 by
Assumption 3 (ii). Moreover, by Assumption 4 we have the sieve approximation bias

IV = ||h —/p"|2 < K210,
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In what follows, D f denotes the Jacobian matrix of a function f. Finally, we consider
[ 150~ 8w) ~ £a(0 - glw)'
[ 2tav = wgw) + (w1 g(w)) ] b etw) - gt
0
Continuity of D f4 and consistency of g implies
1 2
S [ 2o = ugtw) + w1 gt@)daf o= [ 1050} Pda+ 0,00
0
S 1+o0p(1).

The result follows due to the rate restriction imposed in Assumption 4 (iii). O

PROOF OF THEOREM 3.2. We make use of the notation 8 = [ ¢"(a)f4, (a)da where
g% (t,u) = ¢"°(t) @ ¢"*(u). In light of the main decomposition (A. 3) in the proof of
Theorem 3.1 it is sufficient to consider

[ 1) = fa @

|/ / b (077 (4t 1 )0) o — [ (0 (ao) @ T |
+ ] / (4" (a0) © 4" (a1)) — Fa(ao. a1)dag
HQ // (@ (—t) © 7 (~t ))ﬁ(x,t;g)du(t)dx—ﬁHQ
+ 17 © 0% @) = fataosa)Pdan, o),

2
d&l

using the notation by, (t) quO )'Qy'q%°(—t)da and Lemma 3.1, that is, Q' =
Q5 ®1k,. Since [ |8'¢"(a)— fa(a)|2da = O(K; >/ ) due to condition Ky = O(1),
we only need to bound the first term on the right hand side. We further observe

5 - / ¢ (a) fa(a) d(a)

_ o // b, —t2)(F fa)(t, tx)du(t) da

_o // b, —ta)h(z, £ g)du(t) dx.

Therefore, it is sufficient to show

’Ql // t—tm (x t;9) — h(:z:,t;g))dy(t)da: ’ p(K1/(n/\K1))-

This upper bound follows immediately from the proof of Theorem 3.1 by using that
K is the dimension of basis functions used for the estimator A and that Ky = O(1),
which completes the proof. O]

PrOOF OF THEOREM 3.3. To simplify notation, let s := Q*1/2€(QK(- — g(w)))
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Making use of Assumption 5 (i), we obtain the following lower bound for the sieve
variance

vic(w) =828 2 A s
which is used throughout this proof. The proof is based on the decomposition

((Fow) — 0 Fa(w)) = ((Fal- — &) — (Fal- — g(w)

~~

I

—|—SQ 1/2// Fq*)(—t, —tx)(h(x t;9) — E(m,t;g))du(zﬁ)dm

J/

II

+SQ 1/2// Fq™)(—t, —tm)(h(x t;g) — pK(LE)/’)/(t)>dl/(t)de‘
+s@ /2 / / Fq')(~t, —m)( K () (t) — h(z, b g))du(t)d:)s
+8Q 71 / / (Fq")(—t, —ta)(F fa)(t, t)dv(t)dz — 0(f5(-,w)),

where we evaluate each summand separately in the following. By Assumption 5 (iv)
the basis functions ¢; are continuously differentiable and thus

Vit <ol [ DR (- -ugw) + w1 gw)an) | &) - sw)]
= 0p< VK(w)>

using that n||g(w) — g(w)||* = 0, (vk(w)), consistency of Fa, and Assumption 4 (ii).
To bound I1, make use of the definition of ¥ as given in (A.1) to obtain

_y / R(t)ﬁ-lin Z exp (itY;) (exp (— it(S,)) — exp (— itg(S,)) o (X,) (1)
< fo
(

SR(HP P2 L Zw (Y}, Sj5 6,1)

du(t))l/ i

[ E (500 - Burwision) )

du(t)

AN

s'R(t)P~1/?

( / sup
PeG

5 [aplen

Peg

SR()P™V2E G (Y, 856, 8)|dv(t) + 0,(1).
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Assumption [ ||R(¢)[]*dv(t) = O(1) implies

Making use of the upper bound (A.2) for the envelope function of F}* and F/ and
applying Theorem 2.14.5 of van der Vaart and Wellner [2000] yields

K
Z/Esup
=1 ;

s'R(t)P~/?

“au(t) < |s|? / IR 2w (1) | P22

S vi(w).

n_1/2 Z¢Z(Y}’Sj; Cb, t) - E¢Z(Y7 S; Qb, t)rdy(t)

PeG

52(/158111)

I=1 $€G

nE Y (Y], S5 6,t) — Ei(Y, S:6,) | dv(t)y/K/n

+ K/n)2

K~/ [
S ([ Ve Ny e
n = 0

1

1 2
+/ VL 08 N (L s e)de +1)
0
< C2K?n

due to inequality (A.5) and Assumption 4 (iv). Further, we have

/ Esup
oG

SR(PPEYE(Y,S; 6,1) v (1)

1/2
= su — g|lsl|ls 2dy —1/2
= sup = glls sl / IR@Pdv(t) 1P
S Vv (w)K/n.

Consequently, the rate restriction imposed on K implies \/nII = o(y/vk(w)). Con-

sider I11. Note that ﬁ'y(t) =n'y h(X;,t,9)p"™ (X;) and consequently we obtain
by the definition of R(t) that

Valll = [ R P22 3 (esplit(Y; - (50" (X5) = Py (0))av(e)
+ 0p(1)
= [ R P = 3 00" (X)) + 0,0,

where p;(t) = exp(it(Y; — g(S;))) — h(X,,t, g). Consequently, we obtain

@) 11 = (nvie(w) % / R(#)p; (1)dv(t) P15 (X;) +0,(1).

7\~

~~

G
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We show >, (; LN (0,1) by the Lindeberg-Feller theorem. We see below that (j,
1 < j < n satisfy Lindeberg’s condition. It holds E[(;] = 0 and nE[(7] = 1. Using
the lower bound for the sieve variance, for € > 0 we observe

> R 1{I¢] > €}] < neE (/e
i

< viclw) e 2 s E|| [ Rl P )]

Su 0k ( [ IR ) E[(/| OPan(0) [P0 ]

_ 2
X sup HP 1pK($)H
<SnTIAAK?
= 0(1)7
by the rate condition K? = o(n\g) imposed in Assumption 5. Consider IV. Using

the notation ¢¥ (¢, tx) = Q~Y2(F¢™)(t, tr) and linearity of the Fourier transform we
obtain

IV =¢'Q~ 1/2// Fq™) ttx p™(w )7(t)—h(x,t;g)>du(t)d$

N Car et )))((Jz,’vp ~ ),

(IF1 (0% = W) = g(w))
o(v/vi(w)/n),

by Assumption 5 (iii). Consider V. By Assumption 5 (iv) the sieve space A is linear
and thus, it holds

)

S

V=5Q ' / / (F™)(t,tx)(F fa)(t, ta)dv(t) de — ((fa(-, w))
_yQ / / (Fa)(t, 1) [F(fa — T f)](F t2)du(t) da

J/

-~

=0

+ (Mg fa(- — g(w)) — fa(- — g(w)))
= o( VK(”LU)/”>7

by Assumption 5 (iii). Due to Lemma B.1, equation (B.1), the asymptotic distribution
result remains valid as vi(w) is replaced by Vi (w), which completes the proof. [

PROOF OF THEOREM 3.4. Due to the Chen and Christensen [2018, Proof of Theo-
rem 4.1] it is sufficient to show

|V T, w) (Fitb, w) = (b, w)) = Z(b,w)| = 0y(ra)

since then the result follows by the anti-concentration inequality of Chernozhukov
et al. [2014, Theorem 2.1]. Along the proof the inequality v (b, w) = A |Q~Y2¢" (b—
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g(w))||?>. Let 2" = {(Y1,X1,W1),..., (Yo, X, W,)}. We may assume that g(w)
is known. Otherwise, consider some subset C' C C where by employing consis-
tency of the vector valued function g we may assume that {b—g(w):be€C} C
{b —g(w) : b € C'}. For simplicity of notation we assume in the following that g(w) =

Step 1. We start by showing that \/n/vVi (b, w (fB (b,w)— fp(b, w)) can be uniformly
approximated by the process

_ (by Q" \do
mmmwﬁﬁg<f2/ Hp-! >mwﬂ,

using the notation p;(t) = exp(it(Y; — g(S;))) — h(X;,t,g). We observe

‘\/n/?K b, w) (]?B (b,w) — fB(b,w)) —Z(b, w)’

\/m //]:q )(t, ) ( :E,t,g) D ()"y(t))du(t)dx—Z(b,w)
vi (b, w)
i %ﬁw)1K ¢wa//fqt” (2.1, 9) — " () 3(1)) dv(t)da
11(b)
+ \/m //fq )t ta) xtg) h(x,t,g))du(t)da:
11(b)
+ W // Fa")(t,t2) (0% (2)'1(t) — h(z, t,g))dv(t)de
V()
+ VK\/(T?)M<QK<I))/Q1//(qu)(t,tx)h(l’,t,g)dv(t)dl'—fB(b,w)>'>.
V(b)

We have ||[P~12PP~Y2 — I || = O,(y/K log(n)/(nAg)), see Chen and Christensen
[2015, Lemma 2.1]. Further, we obtain

1/2
%%%;}QQ/ Dyt (P~ = P

< )\KH—Z/ t)p;(t)dv(t 1p1/2(p—1/2PP—1/2 — IK)]gK(Xj)

(A K+/log(n)/n).

sup I(b) = sup
beC beC
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Define the process Z(b, w) = ¢ (b)) QY22 /\/vi(b,w). We have

sup I1(b) < sup I(b) + sup |Z(b, w)]
beC beC beC

=0, </\I_(1K\/log(n)/n> + sup |Z(b, w) — Z(b,w)| + sup |Z(b, w)|
beC

beC
=0, </\1_<1KV log(n)/n> + 0,(ry) + sup |Z(b, w)|
beC
= 0p(1n) + Op(cn).
where the third bound is due to step 2 below and the last equality is because of
the condition K°/2 = o(A%7?/n) and by Chen and Christensen [2018, Lemma G.5],

which is valid under our assumptions and which implies sup,ce |Z(b, w)| = Op(cy).
Consider IT1(b). Using the definition of ¢% as given in (A.1) we obtain

sup Y HLLO)
beC \/ Vi (b, w)

— sup g™ ( I/QH/¢EQHR 1nzj:¢K(Y}75j;¢7t)de(t)

bec VK (b, w)

+ 0,( A\ K+/log(n)/n)
= 0,( A\ K+/log(n)/n)

following the proof of Theorem 3.3. Moreover, we observe

VIV (D)
beC +/ Vi (b, w)

K (p)/()—1/2
= oo VI YQ ]
veC  +/Vi(b,w)
< '™ = Al
< O(K*p/(dfl))

lo [ [yt @10 - b s gttt

by Assumption 4 (i). For the last summand we note

oy VLV >| _.
beC /v (b,w) bec \/VK , W)

Consequently, Lemma B.1, i.e., sup,. ‘\/VK(b, w) /Vi (b, w) — 1) = 0,(v/C,) and the

rate requirement in Assumption 7 (iii) imply

Ve, 0) (Fi(b,0) = folb,w)) = Z(b,w)| = oy(ra).

‘HKfB(baw) - fB(baw)l
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Step 2. Assumption [ |R(¢)||*dv(t) = O(1) implies

3

S8 | = [ RoOP )0

1 3/2 _
s—=( [ IrwFam) " Ble o)
3/2
<A
VA%
Further, recall that r, is a sequence satisfying

K5/2
Nr3y/n
Hence we may apply Yurinskii’s coupling (Pollard [2002, Theorem 10]) and conse-
quently, there exists a sequence of NV(0,X) distributed random vectors Z such that

=o(1).

H% / R(t)P~'p™ (X;)p;(t)dw(t) - zH = 0, (7). (A.6)

Recall the definition Z(b, w) = ¢ (b)Y Q22 //vik(b,w), which is a centered Gaus-

sian process with covariance function

B[Z(br, w)Z (b2, w)] = ¢ (01 Q2 B.Q 2" (ba) / \/vrc(br, w)vic(ba, w).

Hence, by equation (A.6) we have

sup Z(b,w) — Z(b,w)| = 0,(ry). (A7)

Step 3. In this step we approximate the bootstrap process by a Gaussian pro-
cess. Under the bootstrap distribution P* each term [ R(t)P~'p™ (X;)p;(t)dv(t)e;
has mean zero for all 1 < j < n. Moreover, we have

L ZE [ [ ROP 0 -0 (X P R | 2] =S,
Since E||e;[?|2"] < oo uniformly in j, we have

> H% [ rOP I Xp v,

S —=( [ 1R@Fa®) " B 1P 00w 1 )]

-o(Gg)

Again using Pollard [2002, Theorem 10|, conditional on the data Z™, implies existence

3
gn
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of a NV (0, f]) distributed random vectors Z* such that

wpal. Therefore,

R()P~p" (X;)p;(t)dv(t) — Z*|| = 0p+ (1)

K(1\/H—1/2
O .

su
¢ /ﬁK(bu U))

aeC

Z(b,w) = = 0p+(n)

wpal. Define a centered Gaussian process Z(, w) under P* as

Z(b,w) = ¢ (by Q28T 2 /v (b, w)

which has the same covariance function as Z(b, w). By Lemma B.2 below we have:

K(p\/N)—1/2 -
sup %Z* — Z(b,w)

beC

= 0p+(1n)

/‘>K<b7 U))

wpal. This and the previous rate of convergence imply that

sup

7+ (b,w) — Z(b, w)‘ = 0y ()
beC

wpal, which completes the proof. O

B. Technical Assertions

For the next result and the proof of it, recall the notation s = Q~'/2¢(¢% (- — g(w)))
and let 8 := Q7Y2((¢% (- — g(w))).

Lemma B.1. Let Assumptions 5-7 be satisfied. Then,

\“”

_ 1‘ _ B.1
VK Op ( )

1\— o( (i) 12K K120/ (B2
supl 20 V@A) oz(n) + (B2)

Proof. Proof of (B.1). We make use of the decomposition

~

Tr(w) — vig(w) =8 (£~ %)s + (8 —s) = (5 +s). (B.3)

We make use of the notation
L1 . /
N /R/RR(S)P " > (X)) pi(8)ps (=)™ (X;) P R(—t) du(s)dv (1)
Jj=1

and we may replace P by P in the definition of 3. Also recall the definition pi(t) =
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o~

= (9(s) — pi(s)) (B;(t) — pi (1)) + pi(s) (p; (t) — p;(t)) + ps(t) (Bs(s) — ps(s))

and hence calculate

s'(2

/ / P—llzp X) (P53 — 3 ()05(0) )2 (X, PRI do(s) ()|

2

[ [ ROP™ @0 = )00 05|

/ [ 5 P—llzp ) (P3(5) — p3(5) ) 3 O™ (XY PV REE) d()dut)s].

11

For the first summand we evaluate using the definition of ¥ in equation (A.1) and
the Cauchy-Schwarz inequality that

Ifl/IE‘lHS'R(t)P_1 H dv(t) |5 — g% /t2dl/(t)
s'R(t)P~1/?
<

+/supHEwK<Y, S; . 1)|[Pduit)

+sup @D 1630 ~ b6 1) i)

+ 0p(K/(n)k))
= Op(HSHQ)\}l (n‘lK + n_lKlog(n) + K1—2p/(d—1))>7

du(t)

0 S 8550,0) — E (Y, 850, o)

following the proof of Theorem 3.3 and using that

/ E Hs’R(t)P_lpK(X)H2dz/(t) =s / R(t)P 'R(—t)dv(t)s

< Ag sl

Again following the proof of Theorem 3.3 and making use of the Cauchy-Schwarz
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inequality yields

Ifgﬁx\/nlz

sﬁx\/w;/

< VT x 0, (" lIs])
— Op<||s||2/\[_(1(n_1/2K1/2 log(n) + K1/2—p/(d_1))>

2

# [ ROP o, (0dn(p (X))

using the upper bound of . Finally, we obtain

$(2 - 2)s = 0, (|IsIP VET(nAx) )

which is due to the following calculation
E|S -3

| [ [RoP S (1 (en @ (X)) ~ B [ (0p(s)0" (X))

2

x P7YR(t) dv(s)dv(t)

4

<n'E H / R(t)P‘lpK(X)p(t)dy(t)‘

<n! / R P2 du(t) E || P25 ()12
<n'K/\k.

For the second summand on the right hand side of (B.3) we observe
5-s)S(B+s)=(E—-s)S(E-s)+2(5-5)Ss

In light of the upper bounds for I and I7 it is sufficient to bound (§ — s)/ b (§ — s)
and (§ — s)/ Ys. Note that

(-5 2 (E—s)<|s—s|?
< 1 (g™ (- — 8(w)) — ¢" (- — g(w)))[”

o[ D~ u@(w) + (u - Dg(w))da) || &) - glw)|
= OP(K/(TLTK)).

and similarly,

-1
< Tr

(38—s)Ss<|[5—s]|s]
= 0,(IIsIVE/(n7x)).

Consequently, the previous inequalities together with the bound |[|s||*/vx(w) < Mg
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(due to Assumption 5 (i)) and )\[}1/ > < /v (w) imply

Vic(w)
v (w)

—1=0, <n—1/2K1/2 log(n) + KY/2-r/@-1) 4 K/(an/\K)>,

which, due to the rate condition imposed in Assumption 6 implies bound (B.1). The
result (B.2) follows analogously. O

Lemma B.2. Let Assumptions 5-7 be satisfied. Then,

qK(b),Q_1/2 zZ* Z(b, U))

su
E | b, w)

beC

= 0p+(1n)

with probability approaching one.

Proof. The proof of this lemma follows the proof of Chen and Christensen [2018,
Lemma G.6] and so we provide only the main parts where the two proofs differ. We
make the decomposition

K(py —1/2 .
sup %Z* — Z(b,w)
beC Vi (b, w)
byQ1/2 (IK _ 21/2i—1/2) * o)
< sup ZF|sup (| =
beC Vi (b, w) vec \| Vi (b, w)
N T 7
b K b -1/ .
1 sup (0, — 1| sup q"(0)'Q T1/253-1/2 Zx
beC (b, w) veC | v/ Vi (b, w)
11

Let ﬁw denote the standard deviation semimetric on CA associated with the Gaussian
process (under P*) v (b, w)~/2¢" (b) Q712 (I — 1/2571/2) 2* and defined as

&w(bh by)? = E* (( " (b) _ q" (bo) )) Q-2 (IK _ 21/22—1/2)Z*>

2

\/VK(bl,w) \/VK(bQ,w
We observe Ay (by,bs) < Ay (b, bo)[|S"125Y2 — T || and

SRSV I < V2 - 2V =2
<AEE) FANLZE) S -3

min min

= Op(\/11n)-

where the last bound is due to the proof of Lemma B.1. Thus, following line by line the
proof of Chen and Christensen [2018, Lemma G.6] we obtain that I = 0, (r,,) under
Assumption 7. Next, let us consider term I which is the supremum of a Gaussian
process with the same distribution (under P*) as Z(b,w). Therefore, by applying
Lemma B.1 and Chen and Christensen [2018, Lemma G.5] we obtain 1] = 0,+(r,). O
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